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The Unreasonable Simplicity of 

QCD Amplitudesé 

Parke, Taylor (1986); Mangano, Parke, Xu (1987) 
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éis due to QCDôs embedding  

into N=4 super-Yang-Mills theory 

Parke, Taylor (1985);  

Kunszt (1986);  

Nair (1988) 

Grisaru, Pendleton,  

van Nieuwenhuizen (1976); 

Grisaru, Pendleton (1977) 

(N=4) SUSY Ward Identities: Hold at tree-level in QCD 

because for n-gluon tree amplitudes matter doesnôt matter 
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N=4 SYM  Í  QCD at loop level 

Å Conformally invariant (b = 0) 

Å Uniform transcendental weight:  ñ ln2Lx ò at L loops 

Å Nevertheless, N=4 SYM a testing ground for 

methods for pQCD at colliders since 1990s: 

Å All massless particles 

Å IR structure perturbatively similar (dominated by 

gluons) 

Å Factorization similar:  collinear, multi-particle, 

Regge/BFKL limits 

vs. N=4 
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Planar (large Nc) N=4 SYM less like QCD 

Å Amplitudes equivalent to Wilson loops 

Å Dual (super)conformal invariance for any n 

Å Amplitudes for n=4 or 5 gluons ñtrivialò to all 

loop orders 

Å Strong coupling  Ą minimal area surfaces 

Å Perturbation theory has finite radius of 

convergence (no renormalons, no instantons) 

Å Integrability + OPE Ą exact, nonperturbative 

predictions for near-collinear limit 



MHV (6-point) timeline 
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1985 1990 1995 2000 2005 2010 2015 

QCD N=4 SYM Planar N=4 SYM 



Recent progress from 3 to 5 loops:           

bootstrap integrated loop amplitudes directly, 

without ever peeking inside the loops  
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Ideally, do this nonperturbatively (so no loops 

to peek inside) for general kinematics 



The Strategy 

1. Make ansatz for 6 gluon scattering amplitudes as linear  

combination of  ñhexagon functionsò 

2. Use dual superconformal (Q or descent) equations to 

prune ansatz globally in the kinematics 

3. Use ñboundary value dataò (multi-Regge, OPE limits)     

to fix constants in ansatz.  Constraints all linear  Ą      

just solve linear equations for rational numbers in ansatz 

4. Cross check. 

ÅWorks for 6-gluon amplitude, first ñnontrivialò amplitude in 

planar N=4 SYM, through 5 loops for MHV = (--++++)          

[also 4 loops for NMHV = (---+++)  1509.08127] 
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_ 
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ÅCaptures all IR divergences of amplitude 

ÅAlso accounts for an anomaly in dual conformal invariance 

due to IR divergence 

ÅFails for  n = 6,7,... 

ÅBut failure (remainder function) is dual conformally invariant 

BDS Ansatz  
Bern, LD, Smirnov, hep-th/0505205 

constants, indep.of kinematics 

all kinematic dependence from 1-loop amplitude  
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Dual conformal invariance 

Conformal symmetry acting in momentum space, 

on dual or sector variables  xi 
First seen in N=4 SYM planar amplitudes in the loop integrals 

Broadhurst (1993); Lipatov (1999); Drummond, Henn, Smirnov, Sokatchev, hep-th/0607160 

k 

invariant under inversion: 
x5 

x2 

x3 

x4 

x1 
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Dual conformal invariance (cont.) 

ÅAmplitude fixed, up to functions of  

    dual conformally invariant cross ratios: 

+ 2 cyclic permôs  n = 6 Ą precisely 3 ratios:                

From 9 variables to just 3: 

Å                                    Ą no such variables for n = 4,5                

MHV 

Remainder function, 

starts at 2 loops 



A better quantity 
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where  

No 3-particle invariants 

cusp anomalous dimension 
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MHV Amplitudes = Wilson Loops 

Motivated by strong-coupling correspondence                                              

Å One loop, n=4                                                       Drummond, Korchemsky, Sokatchev, 0707.0243 

Å One loop, any n                                                       Brandhuber, Heslop, Travaglini, 0707.1153 

Å Two loops, n=4,5,6                                                       

ÅWilson-loop VEV always matches [MHV] scattering amplitude! 

Å Justifies dual conformal invariance for amplitude  DHKS, 0712.1223 

Å Twistor action Ą duality: e.g.  Adamo, Bullimore, Mason, Skinner, 1104.2890 

Drummond, Henn, Korchemsky, Sokatchev, 

0709.2368, 0712.1223, 0803.1466; 

Bern, LD, Kosower, Roiban, Spradlin, 

Vergu, Volovich, 0803.1465 

Alday, Maldacena, 0705.0303 
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Two loop answer: R6
(2)(u1,u2,u3)  

Å Simplified to classical polylogarithms by 
Goncharov, Spradlin, Vergu, Volovich, 1006.5703 
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Kinematical 

playground 
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Multi-Regge limit 

Å Minkowski kinematics, large rapidity separations 

between the 4 final-state gluons: 

Å  Properties of planar N=4 SYM amplitude in this limit 

studied extensively at weak coupling: 
Bartels, Lipatov, Sabio Vera, 0802.2065, 0807.0894; Lipatov, 1008.1015; Lipatov, 

Prygarin, 1008.1016, 1011.2673; Bartels, Lipatov, Prygarin, 1012.3178, 1104.4709; 

LD, Drummond, Henn, 1108.4461; Fadin, Lipatov, 1111.0782;                                

LD, Duhr, Pennington, 1207.0186; Basso, Caron-Huot, Sever, 1407.3766 



2 Ą 4 Multi-Regge picture 
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Bartels, Lipatov, Sabio Vera, 0802.2065 

- 

- + 

+   MHV 

+ 

+ 

impact 

factor 

BFKL ladder 

& eigenvalue 
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2Ą4 multi-Regge limit 

Å Euclidean MRK limit vanishes              

Å To get nonzero result for physical region, first let                  

                       ,  then     u1 Ą 1,    u2, u3 Ą 0 

 

 

Fadin, Lipatov, 1111.0782;    

LD, Duhr, Pennington, 1207.0186; 

Pennington, 1209.5357; Basso, 

Caron-Huot, Sever, 1407.3766; 
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OPE Limits  

Å R6
(L)(u,v,w)  vanishes as   v = 1/cosh2t Ą 0          t Ą Ð 

Near-collinear limit (power-suppressed terms in v) 

described by OPE with generic form 

 

  

t Ą Ð 

Alday, Gaiotto, Maldacena, Sever, Vieira, 1006.2788; GMSV, 1010.5009; 1102.0062 

Basso, Sever, Vieira [BSV], 1303.1396; 1306.2058; 1402.3307, 1407.1736;       

Basso, Caetano, Córdova, Sever, Vieira, 1412.1132;  

Belitsky, 1407.2853, 1410.2534, 1506.02598;  

Drummond, Papathanasiou, 1507.08982;é 

f 

s 
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OPE Limits (cont.)  

Å   OPE dominated by low-lying excitations of a flux tube 

Å   BSV use power of integrability to 

    determine pentagon transitions 

    EXACTLY in the coupling. 

ÅFrom this one can easily compute 

    at ANY loop order the leading-twist 

    one flux-tube excitation terms (T = e-t ): 

 

       T eÑif  [ln T] k fk(s),     k = 0,1,2,é,L-1 

 

   the sub-leading twist, two flux-tube excitation terms 

  

       T 2 {eÑ2if,1}  [ln T] k fk(s),     k = 0,1,2,é,L-1            etc. 



Basic MHV bootstrap assumption 

R6
(L)(u,v,w),    or better, 

is a linear combination of weight 2L 

hexagon functions at any loop order L 
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